The behavior of plane waves in a linear, elastic anisotropic laser-excited solid has been investigated taking into account the effects of atomic defect generation. It is found that there are four types of dispersive waves in these crystals, namely, a quasilongitudinal (QLmode), two quasitransverse (QT-mode), and a quasidefect concentration (N-mode) wave. The complex secular equations for cubic and transversely isotropic crystals are reduced as special cases. It is demonstrated that when waves propagate in one of the planes of transversely isotropic solid having defect concentration field, only one purely quasitransverse wave decouples from the rest of the motion and is not influenced by defect concentration changes. The other waves are coupled and get modified due to presence of defects. When waves propagate along the axis of the solid, only QT-and N-mode are coupled, whereas the two QT-modes get decoupled from the rest of the motion. The phase velocities and attenuation factors of waves have been obtained. Significant effect of defects and anisotropy on wave characteristics is observed in certain ranges of frequency. It is also shown that there is an appreciable variation in case of QL-mode as compared with QT-and N-mode.
Introduction
The study of dynamic properties and mechanical behaviors of elastic solids is significant in the ultrasonic inspection of materials, vibrations of structures, micro-and nanotechnologies, and various other fields. Such materials are usually described by equations of linear elasticity. However, there are materials of a more complex microstructure: laser-excited solids with atomic defect (vacancy, interstitial atom) generation, granular materials, materials with nanovoids, and so forth. Here the modeling of physical processes requires an approach, based, in general, on the use of the internal energy balance, linear momentum balance, and concentration balance equations.
The mechanical waves (lattice straining) propagating in a condensed medium carry information about distortions of their form and energy and about the energy losses related to the defect structure; this piece of information is needed for optical-acoustical diagnostics of various parameters and the structure of solids. Also the investigation of generation and diffusion effects in defect's subsystem on elastic wave propagation can play an important role in understanding many laser-induced processes in the solids, particularly in the laser fast recrystallization, laser annealing, selective laser sintering of powders, multipulse laser etching, and pulsed laser-assisted thin-film deposition.
During the last two decades [1] [2] [3] [4] , the classical theory of elasticity has been extended to laser-excited solids with atomic defect generation to describe the instabilities and selforganization of various strain-diffusive periodic structures (micro-and nanosized) on the surfaces and the volume. This theory defect density includes an additional independent kinematic variable and reduces to classical elasticity when the defect generation is absent. The defect concentration field, in above studies, has been described by the kinetic equation in the diffusion-drift approximation, including the nonlinear strain-induced generation/annihilation processes in defect's subsystem. The strain-induced diffusion of defects in elastic solids is due to coupling of the fields of defect concentration and strain of the medium through the deformation potential of defects. The 1D and 2D self-organization of nonlinear coupled localized strain-defect structures (solitons or solitary 2 Advances in Condensed Matter Physics waves) due to concentration-elastic instability were also considered [5] [6] [7] [8] . Mathematical models of these studies were based on coupled nonlinear equations for the displacement and atomic defect concentration fields. The theory of mechanical waves coupled to atomic defect dynamics and including thermal change effects in solids subjected to pulsed laser irradiation has been considered by Mirzade [9] and Bargmann and Favata [10] . Some features of the physical problems coupling diffusion, mechanics, and thermal waves in a geometrically nonlinear solid have been studied in [11, 12] .
An overview of methods for analysis of elastic fields in solids from various structural defects (dislocation, inhomogeneous inclusions, grain boundaries, and cracks) was presented by Mura [13] using the eigenstrain concept of Eshelby in micromechanics. In Mura's eigenstrain theory, the eigenstrains corresponding to each defect are conveniently expressed in terms of a defect concentration. This theory has been applied successfully to modeling of many important processes in crystalline solids such as diffusional phase transformations and microstructure coarsening, which involve diffusional redistribution of atoms under the influence of stresses arising from coherent compositional inhomogeneities as well as from structural defects [14, 15] . The spatial distribution of defects in these models is described by the space-dependent eigenstrains. New perspectives on the phase field approach in modeling deformation and material defects as well as microstructural evolution (grain growth, precipitate evolution, and solute segregation) are reviewed in [16] . Most of the studies on waves coupled to defect dynamics in elastic media discuss the propagation in isotropic media.
Investigations of waves in anisotropic materials are considerably more difficult than the classical and well-understood isotropic problem. The theory of elastic wave behavior propagation in anisotropic solids is well known [17, 18] . Extensive theoretical efforts have been made so far to model propagation of plane harmonic waves in heat conducting anisotropic elastic solids [19] [20] [21] [22] [23] [24] . The study of wave propagation in generalized thermoelastic anisotropic media with additional parameters like prestress, porosity, thermoelastic diffusion, viscosity, microstructure, and other parameters allowed us to obtain vital information about existence of new or modified waves. The eigenvalue problems of elastic waves in piezoelectric anisotropic solids were studied by Guo [25] . Valuable attempts have been carried out in [26] to investigate the propagation of waves in a homogeneous, transversely isotropic, piezothermoelastic plate. Acharya et al. investigated the general theory of transversely isotropic magnetoelastic interface waves in conducting media under initial hydrostatic tension or compression [27] .
Keeping in view the increased usage of anisotropic materials in the laser additive micro-and nanotechnologies, the aim of the present investigation is to study the propagation characteristics of bulk mechanical waves in infinitely extended anisotropic laser-excited solids with defect generation in the context of coupled concentration-elasticity theory. It is a continuation of our previous works [1, 2] . In general, the secular equation obtained yields four roots. These roots can be associated with four waves, namely, a quasi-longitudinal (QL) wave, two quasi-transverse (QT) waves, and a quasidefect concentration wave (N-mode). All waves are found to attenuate in various directions of propagation and to be dispersive. Significant effect of defects, relaxation time, and anisotropy on wave characteristics is observed in certain ranges of frequency. The general characteristics equation for the crystals with transversely isotropic and cubic symmetry has been solved by using series (perturbation) expansion methods in order to obtain phase velocity and attenuation coefficient of the waves. Dispersion curves and graphs of attenuations are given for the single crystal of zinc (Zn) depending on various direction of propagation. Some particular cases of interest are also considered.
Formulation of the Problem
Consider an unbounded, linear anisotropic elastic solid with mobile atomic defects (vacancy, interstitial atom) generated by external energy fluxes (e.g., laser pulses). We use a fixed Cartesian coordinate system , = 1, 2, 3. Let be the components of displacement vector and the lattice defect concentration. There could be two types of defects (vacancies and interstitial atoms) but we limit our consideration to one (for definiteness, interstitial atoms). The dynamical model that can describe the evolution of such a system should be based on (i) the evolution of atomic defect concentration in a strained solid and (ii) the strain field of a solid in the presence of a nonuniform defect concentration field.
The stress-strain constitutive equation is given by [28] = ( − ) .
Here (= ) and (= ) are the components of the stress and strain tensors, respectively;
, , , , = 1, 2, 3, are the components of the fourth-order elasticity tensor. = Ω is the strain (or eigenstrain) of the medium due to difference between the covalent radii of the lattice atoms and point defects. The dilatation tensor Ω characterizes the lattice deformation due to the appearance of a single point defect in the crystal [28] . Strain-displacement relation is as follows: 2 = ∇ + ∇ . We note that (1) has the same structure as the constitutive relation for thermoelasticity with and Ω playing the role of temperature and thermal expansion coefficient, respectively.
In this paper, we will consider the problem of the wave propagation in an anisotropic solid irradiated over a large area by CW or pulsed lasers. Furthermore, we will assume that the temperature field of the medium has reached its equilibrium value. Its evolution is sufficiently slow compared to atomic defect generation and can be considered quasistationary. We also assume that the contribution of thermal strains to deformation fields is negligible compared to lattice dilatation due to atomic defects and the phase changes and chemical reactions in the medium are absent.
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The basic governing equations for the displacement and defect concentration fields for the case of an anisotropic medium in the absence of body forces can be written as
In the above equations, is the density of the medium; is the tensor of diffusion coefficient of the defects; the deformational tensor controls the strain-defect interaction ( = Ω ); and are the thermal-fluctuation generation rate of atomic defects at sites and the recombination rate of defects on microstructural sinks, respectively.
Strain field affects the characteristics of the atomic defects. Thus, when the strain waves propagate, the formation energy of defects changes in the compression and dilatation zones. If is the deformation potential characterizing the variation of the formation activation energy of defects under the lattice deformation, the renormalized formation energy of atomic defects can be represented as = 0 − ( 0 is the formation energy for defects in an unstrained crystal). If there is a deformation-related perturbation of the lattice, not only does the formation energy of defects decrease, but also the activation energy for the defect migration decreases = 0 − ( 0 is the migration energy of the defects in the absence of deformation and is the deformation potential characterizing the variation of the migration activation energy of defects under the lattice deformation); this results in an increase in the diffusion coefficient of defects. Then for the generation ( ) and recombination ( ) rates of atomic defects we can write the following expressions:
Here 0 = 0 exp(− 0 ) is the coefficient representing the thermal-fluctuation generation of atomic defects at sites in unstrained crystal ( −1 = , is the absolute temperature, is the Boltzmann constant, and 0 is the constant);
) is the relaxation time of defects in the absence of the strain field ( is the relaxation rate constant).
The components of the defect drift velocity V induced by strain-defect interaction are
We assume that the above constitutive coefficients and the diffusivity tensor satisfy the symmetry relations: = = = , = , and = . Parameters in (1)-(3) are assumed to satisfy the following conditions: (i) the diffusivity tensor is symmetric and positive-definite, (ii) the elastodefect coupling constants are nonsingular, (iii) the linear elasticities are positive-definite ( > 0).
We can express the defect concentration field as = 0 + * ( 0 = 0 is a spatially homogeneous solution; * is small nonhomogeneous perturbations). Inserting in (3) and neglecting the nonlinear terms, we get the linearized equation
where
Secular Equation for the Plan Waves in Inbounded Medium
For plane harmonic waves, we assume the solution of the form
where is the circular frequency and is the wave number; ( , ) are the undetermined amplitude vectors that are independent of time ( ) and coordinates ( ). ( = 1, 2, 3) are the components of the unit wave normal ( ⃗ ) giving the propagation direction.
Substitution of (7) into (1), (2), and (6) yields
Here = √ and is the Kronecker delta function. Christoffel's tensor may be expressed as follows:
The system of (8) has a nontrivial solution for and if the determinant of their coefficients vanishes. This leads to
wherẽ=
det
In (12) Γ = or̃.
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Equation (10) is the dispersion equation for plane harmonic waves and contains all information regarding the phase velocities and attenuation (amplification) coefficient of the waves.
On account of properties (i)-(iii) and the symmetric character of stress and strain tensors, the tensors andã re symmetric and positive-definite. Since the tensor is nonsingular, the scalar = / is positive, which can be used for purposes of nondimensionalization.
We make the frequency ( ) to be real and the wavenumber ( ) as complex. Taking = + ( , real), the exponent in the plane wave solution (7) becomes exp(− ) exp⌊ ( − V )⌋. This shows that V = / is the propagation speed and is the attenuation coefficient of the waves. For > 0, if < 0, the wave amplitudes are amplified, while for > 0 the wave attenuates in space.
Equation (10) yields the following characteristic equation in as
where 0 = / − 1, = 2 * , = / * , * = / , and and ( = 1, 2, 3) are given by the following expressions: Solving (13), we obtain eight roots of of the form ±( + ), = 1, 2, 3, 4. Corresponding to each pair of these roots there are two waves traveling in opposite directions with distinct wave speed V = / Re( ). Thus there are four distinct waves, namely, a quasi-longitudinal wave, two quasitransverse waves, and a quasi-concentration wave, which can propagate in anisotropic laser-excited solids with atomic defect generation. These waves are attenuated in space having attenuation coefficients , = 1, 2, 3, 4, which also get modified due to defect concentration variations. All the waves are coupled with each other.
In the absence of diffusion and generation-recombination effects, we obtain from (13) the polynomial characteristic equation corresponding to anisotropic elastic medium as
which is similar to that obtained by Rose [29] .
Waves of Assigned Frequency in Transversely Isotropic Crystals
This type of medium has only one axis of elastic symmetry that is also an axis of defect diffusion symmetry. We take 3 axis along the axis of symmetry; then the nonvanishing elastic and atomic defect parameters are 
We will study the propagation of plane harmonic waves in different principal planes as follows. 
Wave Propagation in a Principal
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The constants and , defined by expressions (18b), are called the defect-strain coupling constants because they are measures of the coupling between the displacement deformation and the generation-recombination and diffusion of defects, respectively. and vanish when 1 vanishes. When and are zero (2) and (6) governing the elastic waves and the defect concentration wave uncouple. An increase in deformational potentials ( 1 , ( ) ) is reflected as an increase in and and the coupling between defect concentration and the displacement deformation. Below we exclude the coupled parameter from our study ( = 0).
The dispersion equation (13) , in this case, reduces to
Equation (19) corresponds to the purely transverse (SH) wave mode, which is not affected by defect generation and is independent of ⃗ . This wave propagates without dispersion or damping with speed
and decouples from rest of the motion. Equation (20) , being cubic in 2 , gives three roots and has three dispersive waves, namely, quasi-longitudinal (QL) wave, quasi-transverse (QT) wave, and concentration wave (N-mode). We can observe that these waves are affected by the anisotropy and strain-defect coupling effects.
The roots of (20) , in general, can be readily solved numerically or graphically, but in some cases of interest they can also be solved analytically. We will now consider this in the following special cases.
When the strain and defect concentration fields are not coupled with each other, the defect-strain coupling constant ( ) is identically zero. Then (20) admits the following solutions:
Now we take into account the coupling and assume the parameter to be small (weak defect-elastic interaction). Therefore we develop series expansions in terms of for the roots 2 ( = 1, 2, 3) of (20) in order to explore the effect of various interacting fields on the waves.
If the coupling term is very small ( ≪ 1) the expressions for * 1,2 , 1 , and 2 that appear in the dispersion equation (20) , to a first approximation, then read *
Then the secular equation (20) can be rewritten as
Now, we may write 2 = + Λ , = 1, 2, 3, where Λ is the increment of the value of due to ̸ = 0. Thus, the roots of (26) may be approximated as
Upon using this representation, the corresponding phase velocities and attenuation coefficients can be obtained as
for elastic waves and
for defect concentration waves. The "+" or "−" sign in is taken according to whether > 0 or <0. As these roots are frequency dependent, waves are dispersive character. All the waves are coupled with each other due to defect-strain interaction. (20) with minor adjustments of elastic and defect's subsystem parameters in these directions. The corresponding velocities as well as the attenuation coefficients of the constituent wave modes can be obtained by following the approach presented for Section 4.1. In all these cases the waves are found to be dispersive in character and attenuated in space.
Wave Propagation in Other

Wave Propagation along and Perpendicular to Axis of Symmetry. For = 90
∘ , that is, when the wave normal ⃗ = [100] perpendicular to the axis of symmetry ( 3 axis), the secular equation (13) reduces to three equations: two of them correspond to two purely transverse wave modes, which are not affected by change of defect concentration and are independent of ⃗ . These two transverse modes travel without dispersion or damping with speeds V = ( 66 / ) 1/2 and V = ( 44 / ) 1/2 and decouple from the rest of the motion. Third equation has the form
In case of low frequencies, it follows from (33), for small values of , that 2 → 1/(1− ). The longitudinal elastic wave in this limiting case travels with speed V = (̃1 1 / ) 1/2 , wherẽ 11 = 11 (1 − ). For high frequencies ( ≫ 1), from (33) we can write 2 → 1 and the elastic dilatation wave propagates with the classical velocity √ 11 / . A similar type of discussion can be made for the waves propagating along the axis of symmetry, that is, for = 0.
Waves of Assigned Frequency in Cubic Crystals
A wide class of crystalline materials such as Al, Cu, Pb, Au, Fe, Ni, W, Si, and Ge, which are some frequently used substances, belongs to crystals with cubic symmetry. The cubic crystals have nine planes of symmetry, the normals of which are on the three coordinate axes and on the coordinate planes Advances in Condensed Matter Physics 7 making an angle /4 with the coordinate axes. With the chosen coordinate system along the crystalline directions, the mechanical behavior of cubic crystals can be characterized by three independent elastic constants [30] . For cubic crystals the nonvanishing elastic and atomic defect parameters are
For the plane waves propagating in a principal plane perpendicular to the principal direction [010], wave normal ⃗ = (sin , 0, cos ) is inclined at angle to -axis. The Christoeffel stiffness is 
where 11 , 12 , and 22 are given by expressions (18a). Dispersion equation (13) , in this case, leads to
Equation (36) gives us a pair of roots = ± ( / 44 ) 1/2 . This pair corresponds to purely transverse (SH) wave mode, which is not affected by defect generation and is independent of ⃗ . This wave propagates without dispersion or damping with speed V = ( 44 / ) 1/2 . Equation (37) is similar to (20) and gives three roots and has three dispersive waves, namely, quasi-longitudinal (QL) wave, quasi-transverse (QT) wave, and defect concentration wave (N-mode), depending on the defect relaxation time ( ) and strain-defect coupling effects ( ). The roots of (37) can be solved analytically by following the approach presented in Section 4.
Isotropic Solids
For isotropic solids every direction is a direction of elastic as well as diffusion symmetry and the nonvanishing elastic and defect parameters are
Using these values of parameters in the foregoing analysis we obtain the results of plane harmonic wave propagation in isotropic solids [31] .
Numerical Results
To study in detail the dependence of velocities and attenuation coefficient of plane waves on their direction of propagation, we consider single crystal of Zn as transversely isotropic elastic solid for which the basic physical data are given in Table 1 .
The numerical values of the velocities and attenuation coefficients of waves have been calculated by using (29) for different values of the angle of incidence modified in the range 0 ≤ ≤ /2. In Figures 1-6 we present the generation-diffusion effects in a defect subsystem on variations of nondimensional phase velocities = V /V 1 (V 1 = √ 11 / is the longitudinal wave velocity in the medium) and nondimensional attenuation coefficients = / 0 , 0 = 10 7 m −1 , for various directions of propagation with respect to nondimensional frequency (on log-linear scales). From the curves in Figure 1 it is observed that for each value of the variations of phase velocity of QL waves with frequency decrease for = 0.01 to = 0.4, increase for 0.4 ≤ ≤ 1.0, and then remain almost constant. The QL waves propagating in the direction inclined at an angle of = 0 ∘ with the axis of symmetry are less affected due to the defect concentration variations than those propagating in other directions.
The phase velocity of modified QT waves (Figure 2 ) first decreases for = 0.01 to = 0.2 and then increases for 0.2 ≤ ≤ 0.5 and remains constant for → ∞. It is observed from Figure 2 that the variations of phase velocity of QT waves are lower in magnitude as compared to those in Figure 1 . The velocity of QT waves propagating in directions = 60 ∘ , 75 ∘ varies slightly. It justifies the fact that shear wave is less affected due to defect-strain interactions. Figures 3 and 4 show the behaviors of attenuation coefficients of the modified QL and QT waves with respect to , respectively. We note that the values of the attenuation coefficients of the QL waves are positive and increase for 0.01 < < 0.3 and decrease monotonically for > 0.3 and ultimately become close to zero as → ∞. coefficients of QT waves is similar to that of QL waves, but no modifications are observed for directions = 60 ∘ , 75 ∘ .
The curves in Figures 5 and 6 show that the phase velocity and the attenuation coefficient of defect concentration wave increase monotonically for all values of . These curves suggest that approximately there is no effect of anisotropy of the medium on the attenuation coefficients of N-mode. Some changes of the phase velocity of N-mode for various direction of propagation can be observed for small values of frequency.
No modifications are noticed due to anisotropy on velocity of these waves for high frequencies.
Conclusions
In the present paper the combined effect of anisotropy and atomic defect generation on the dispersive wave propagation in solids subjected to action of laser pulses has been studied, in the context of the coupled model based on equations for the displacement vector of the medium and defect dynamics. The dispersion relation solutions of quasi-plane waves have been derived. According to the dispersion equations four types of waves, a quasi-longitudinal wave (QL-mode), two quasi-transverse waves (QT-mode), and a quasi-defect concentration wave (N-mode), can, in general, propagate in considered crystals. The analytical expressions of phase velocity and attenuation coefficients have been obtained. Some special cases of interest have been deduced from the present investigation. It may be concluded that the anisotropic and defect concentration changes play an important role on the wave propagation in laser-excited solids. It is demonstrated that in case of wave propagation in one of the planes of transversely isotropic elastic solid having defect concentration field only one purely quasi-transverse (QT) wave decouples from the rest of the motion and is not affected by the defect concentration changes. The other waves are coupled and get modified due to presence of defects. On other hand, when plane waves propagate along the axis of the solid, then only longitudinal and defect concentration waves are coupled, whereas the two quasi-transverse (QT) wave modes get decoupled from the rest of the motion.
From analytical and graphical results for the single crystal of Zn it is clear that the effects of the anisotropy and the defect-strain coupling parameter are significant on the behaviors of phase velocity and attenuation coefficients with respect to frequency. The maximum variations in the velocities occur in the low frequency range, whereas these quantities for QL-and QT-modes almost remain constant in the high frequency range. Also it has been observed that there is an appreciable variation in case of QL-mode as compared with QT and defect concentration modes. Some particular cases are also considered.
